Integration of nonlinear partial differential equations with the help of the non-commutative integration over octonions is studied. An apparatus permitting to take into account symmetry properties of PDOs is developed. For this purpose formulas for calculations of commutators of integral and partial differential operators are deduced. Transformations of partial differential operators and solutions of partial differential equations are investigated. Theorems providing solutions of nonlinear PDEs are proved. Examples are given. Applications to PDEs of hydrodynamics and other types PDEs are described.
Introduction
Analysis over hypercomplex numbers develops fast and has important applications in geometry and partial differential equations including that of nonlinear (see [3] [4] [5] [6] [7] [8] [9] [23] [24] [25] [26] [27] [28] and references therein). As a consequence it gives new opportunities for integration of different types of partial differential equations (PDEs). It is worth to mention that the quaternion skew field , 2 A = H the octonion algebra
and Cayley-Dickson algebras r A have found a lot of applications not only in mathematics, but also in theoretical physics (see [3] [4] [5] [6] [7] [8] and references therein).
This article is devoted to analytic approaches to solution of PDEs and taking into account their symmetry properties. For this purpose the octonion algebra is used. This is actual especially in recent period because of increasing interest to non-commutative analysis and its applications. It is worth to mention that each problem of PDE can be reformulated using the octonion algebra. The approach over octonions enlarges a class of PDEs which can be analytically integrated in comparison with approaches over the real field and the complex field.
We exploit a new approach based on the non-commutative integration over non-associative Cayley-Dickson algebras that to integrate definite types of nonlinear PDEs. This work develops further results of the previous article [23] . The obtained below results open new perspectives and permit to integrate nonlinear PDEs with variable coefficients and analyze symmetries of solutions as well.
In the following sections integration of nonlinear PDEs with the help of the non-commutative integration over quaternions, octonions and Cayley-Dickson algebras is studied. For this purpose formulas for calculations of commutators of integral and partial differential operators are deduced. Transformations of partial differential operators and solutions of partial differential equations are investigated. An apparatus permitting to take into account symmetry properties of PDOs is developed. Theorems providing solutions of nonlinear PDEs are proved. Examples are given. Applications to PDEs used Integral Operator Approach over Octonions to Solution … 3 in hydrodynamics and other types PDEs are described. The results of this paper can be applied to integration of some kinds of nonlinear Sobolev type PDEs as well.
All main results of this paper are obtained for the first time. They can be used for further investigations of PDEs and properties of their solutions. For example, generalized PDEs including terms such as p Δ or p ∇ for 0 > p or even complex p can be investigated.
Integral Operators over Octonions
To avoid misunderstandings we first present our definitions and notations.
Notations and definitions

By r
A we denote the Cayley-Dickson algebra over the real field R with generators 1 2 0 ..., ,
Henceforward PDEs are considered on a domain U in m r A satisfying conditions 2.1(D1) and (D2) [23] .
Operators
Let X and Y be two R linear normed spaces which are also left 
First order PDOs
We consider an arbitrary first order partial differential operator σ given by the formula ..., , 1 [22] ).
For an ordered product { } ( ) indicates on an order of the multiplication in the curled brackets (see also Section 2 [17, 16] ), so that 
Integral operators
We consider integral operators of the form:
where σ is an R-linear partial differential operator as in Section 3 and ∫ σ is the non-commutative line integral (anti-derivative operator) over the Cayley-Dickson algebra r A from [22] (see also [22] or [18] ). 
Proposition
converges uniformly by parameters x, y on each compact subset
..., ,
Then the non-commutative line integral
from Section 4 satisfies the identities: 
Using the conditions of this proposition and the theorem about differentiability of improper integrals by parameters (see, for example, Part IV, Chapter 2, Section 4 in [12] ) we get the equality 
for each continuous function g and a continuously differentiable function f, 
Therefore, from equalities (8, 9) , 3(3) and 4 (5) and Condition (1) we infer that:
Proceeding by induction for m p ..., , 2 = leads to the identities:
Thus (14) implies Formulas (2, 4, 6) . Then with the help of Formulas (8, 9) and Condition (1) we infer also that Integral Operator Approach over Octonions to Solution … 9 (15) 
Corollary
If suppositions of Proposition 5 are satisfied, then
x
] .
, , , 2 
, , , 1 , , ,
Particularly when p is even and
for p times differentiable function , :
according to Subsection 2.2 [22] or 
Henceforth, if something other will not be specified, we shall take a function N may be depending on F, K and satisfying the following conditions:
= with an operator E in the form
where B is a nonzero bounded right r A linear (or strongly right r A linear) operator, (3) is implied by the following:
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General approach to solutions of nonlinear vector partial differential equations with the help of non-commutative integration over Cayley-Dickson algebras
We consider an equation over the Cayley-Dickson algebra r A which is presented in the form:
where K, F and N are continuous integrable functions of
s o t h a t F, K and N have values in
is a non-zero real constant.
These functions F, K and N may depend on additional parameters . , , τ t It is supposed that an operator E. Frenod and S. V. Ludkowski 14
is continuous, where I denotes the unit operator,
is an operator acting by variables x.
Then R-linear partial differential operators k L over the Cayley-Dickson
are components of the operators k L so that each j k L , is a PDO written in real variables with real coefficients. Next the conditions are imposed on the function F:
or sometimes stronger conditions:
Then with the help of Conditions either (5) or (6) we get the PDEs either 
The latter can be realized when (11) 
are operators or functionals acting on K. Therefore due to Condition (2) the function K must satisfy the PDEs or the partial integrodifferential equations (PIDEs)
Henceforward, if something other will not be outlined, we consider the variants:
and B is the strongly right r A -linear operator; or
and B is the 
for some compact subset V in U and for each ,
Then there exists a solution K of PDEs or PIDEs 2(12) such that K is given by Formulas 1(1, 2), 2(1) and either 2(5) or 2 (6) .
supplied with the supremum norm ( )
A function F satisfying the system of R linear PDEs 2(5) or 2(6) is continuous.
Therefore, due to conditions (1-3) the anti-derivative operator 
Applying Proposition 2.5 and Section 2 we get the statement of this theorem.
Remark
If Condition 2.2(RS) is not fulfilled, the corresponding system of PDEs in real components ( )
A and s k g can be considered.
Lemma
Let suppositions of Proposition 2.5 be satisfied and the operator x A be given by Formula 2 (3), let also y E E = may be depending on the parameter U y ∈ and let ( ) ( ) 
Proof. Formulas (6) and (7) follow immediately from that of 2.2(2, 3) and 2.5 (6, 7) . Write m A for each 2 ≥ m in the form:
Using that
we get from (14):
In virtue of Proposition 2.5 we deduce from (12) that 
Iterating relations (13) we infer by induction Formulas (1, 3, 11 ). Then we have
, this reduces to:
Therefore, in view of Proposition 2.5 and Formula (1) the identity
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Example
Take two partial differential operators 
where p is a non-zero real parameter,
Conditions 1(2-4) and either 2(13) or 2 (14) .
Condition (3) is equivalent to
and (4) to
correspondingly. Acting on both sides of the equality (5) by the operator 1 L and using (6) and Proposition 2.5 we get ;  ,  ;  1 and hence
Then from (5, 7) we infer that ;  ,  ; and consequently,
Then Equalities (9; 11) imply that
We take into account sufficiently small values of the parameter p, when
In the case 
Theorem
Suppose that conditions of Theorem 3 and Example 7 are fulfilled, then a solution of PDE (15) is given by (3, 5) , where 1 L is prescribed by Formula
Example
Let PDOs be (1) , 
Imposing the condition 
Consider now the generalization of PDOs from Section 5 with : 2 ≥ k (1) , 
where N is expressed through K by 1(1, 2) .
Then we deduce the identities: we infer that a function K is a solution of the nonlinear PDE of the form: 
Let now the pair of PDOs be (1) ,
where k is a natural number,
and σ have the same meaning as in Sections 1 and 2, R ∈ 
where N is related with K by expressions 1(1, 2), we infer that
Thus in virtue of Lemma 5 and Proposition 6:
Theorem
If conditions of Theorem 3 and Example 10 are satisfied, then a solution of PDE (8) is given by Formulas (3, 4, 6) , where PDOs 1 L and 2 L are as in (1, 5).
Remark
Transformation groups related with the quaternion skew field are described in [31] . Automorphisms and derivations of the quaternion skew field and the octonion algebra are contained in [36] , that of Lie algebras and groups in [6] .
Example
Consider now the term N in the integral operator 
for each j. We choose the functions
PDEs (2) and (3) correspondingly, where 1 C and 2 C are real non-zero constants,
The first PDO we take as 
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; ,
where F stands on the first place, f on the second, g on the third and (EK) on the fourth place. Then from (2) and (7) it follows that
Evaluation of the other integral with the help of Proposition 2.5 and Formula (3) leads to:
) . , ; , Analogous changes will be in Examples 7-9.
Let the non-commutative integral operator be We impose the conditions:
Then it is possible to write ( )
Applying the PDO 2 L to both sides of (1) and using (2), Proposition 2.5 and Conditions (3) (4) (5) (6) we deduce that − is invertible and hence Equality (7) , Lemma 5 and Proposition 6 imply that K satisfies the nonlinear partial integro-differential equation:
Theorem
A solution of PIDE (8) is described by (1, 2, 3, 6) , where PDOs 1 L and
Integral Operator Approach over Octonions to Solution … 35 2 L are given by (4, 5) , provided that conditions of Theorem 3 and Example 12 are satisfied.
Example
Suppose that functions K and F are related by equations 12 (1, 2) and take two PDOs bz  ay  x  EK  y  z  F  ab  b  a  ab  ab  ,  ,  1   2  2  1  2  2  2  1  1  2 
, ,
Then identities (5; 6) imply that 
be the first order PDO, where v t t ..., , 1 are real variables independent of other variables
for each k. converge uniformly on W in the parameter t.
In virtue of the theorem about differentiation of an improper integral by a parameter the equality is valid: 
U y x ∈ Therefore, we infer from Proposition 2.5 that In the previous article [23] vector hydrodynamical PDEs were investigated. Using results of Sections 2 and 3 we generalize the approach using transformations of functions by operators E of the form 3.1(2).
Generalized Korteweg-de-Vries' type PDE. Let
= as in 3.1 (1) and let x A be given by 3.2 (3),
where E satisfies conditions 3.1(2, 4), = y x F L j for each j, (see also (4.81) and (4.82) in [23] ).
Therefore, in (4.83) [23] the term K changes into EK. Transforming the corresponding equations from [23] with the help of the operator E we deduce that 
Conclusion
The results of this paper can be applied for analysis and solution of nonlinear PDE mentioned in the introduction and for dynamical nonlinear processes [14, 15] and air target range radar measurements [40] .
